Abstract-Nuclear nonproliferation efforts are supported by measurements that are capable of rapidly characterizing special nuclear materials (SNM). Neutron multiplicity counting is frequently used to estimate properties of SNM, including neutron source strength, multiplication, and generation time. Different classes of model have been used to estimate these and other properties from the measured neutron counting distribution and its statistics. This paper describes a technique to compute statistics of the neutron counting distribution using deterministic neutron transport models. This approach can be applied to rapidly and accurately analyze neutron multiplicity counting measurements.
I. INTRODUCTION
ATERIAL accountability and safeguards measurements for nuclear nonproliferation frequently employ neutron multiplicity counting to estimate integral properties of SNM, including:
• Neutron source strength: the rate of spontaneous neutron emission via processes like spontaneous fission and (Į, n) reactions.
• Neutron multiplication: the mean number of neutrons produced by induced fission chain-reactions.
• Neutron generation time: the mean time between successive generations in fission chain-reactions. These properties are generally referred to as kinetics parameters of the fissile system.
Neutron multiplicity counting measures the frequency of neutron detection versus:
• The number of neutrons detected (a.k.a., the "multiplicity" of the detection).
• The duration of the counting time (a.k.a., the "coincidence gate" width). Consequently, neutron multiplicity counting measures the distribution of neutron detection events over the multiplicity of the event and the width of the coincidence gate, as Fig. 1 illustrates.
The shape of the counting distribution over the multiplicity variable is dictated in part by neutron multiplication. If the material is non-fissile and the source emits only one neutron at a time (as in (Į, n) sources), the counting distribution will be a Poisson distribution with the variance equal to the mean. In contrast, if a source contains fissile material, the multiplication of neutrons by fission chain-reactions will cause the distribution to be wider than the corresponding Poisson distribution with the same mean. This behavior is illustrated in Fig. 2 .
In addition, the shape of the distribution over the coincidence gate width variable is dictated in part by the neutron generation time. In systems where the mean neutron energy (and consequently the mean speed) is high, the distribution will tend to approach its asymptotic shape rapidly. Such "fast" systems tend to be composed largely of fissile metals. In contrast, in systems where the mean neutron energy is relatively lower, the distribution approaches its asymptotic shape less rapidly. Fissile liquids and fissile metals reflected by hydrogenous materials tend to exhibit this "slow" behavior.
Models of the neutron counting distribution or its statistics can be applied to estimate the kinetics parameters from a measured counting distribution. This paper describes an approach that employs deterministic transport models, and it demonstrates an implementation of that approach. Fig. 1 . The neutron count distribution measured from a 4.4-kg sphere of weapons-grade plutonium metal, reflected by a 76.2-mm-thick spherical shell of polyethylene. The horizontal axis "multiplicity" denotes the number of coincident neutron counts. The horizontal axis "coincidence gate" denotes the width of the coincidence counting gate in μs. The vertical axis is the base-10 logarithm of the number of events with the given multiplicity in the given coincidence gate. 
II. MODELING METHODS
Estimating the kinetics parameters requires a model of the counting distribution or its statistics (e.g., its mean and variance). Several classes of model can be applied to analyze the counting distribution for the kinetics parameters.
A. Point Models
Historically, point models have been employed to analyze neutron multiplicity counting measurements [1] - [4] . These models estimate only the temporal behavior of the neutron population. They neglect the neutron population's energy and directional dependence, and they treat the neutron population as separable in position and time. Point models of neutron counting moments (i.e., the mean, variance, etc.) can generally be expressed in closed form and can usually be solved algebraically. Consequently, analysis of neutron counting moments using point models is computationally fast; the kinetics parameters can be estimated in milliseconds.
Point models of the counting distribution itself (instead of its moments) have also been applied to estimate the kinetics parameters [5] . These models cannot be expressed in closed form, and they cannot be algebraically solved for the kinetics parameters. However, they can be used to recursively generate an estimate of the counting distribution given the kinetics parameters, and the computational time required to synthesize the distribution is modest (usually less than a minute). In theory, these recursive models could be used in a nonlinear regression solver to estimate the kinetics parameters. However, in practice the models are typically used to generate lookup tables that can be searched for the set of kinetics parameters that yield the best estimate of the measured counting distribution [6] .
The simplifications in the detailed transport model that are employed to derive the point model imposes limitations on the point model's applicability. In particular, the assumption that the neutron population's spatial shape is invariant versus time following a perturbation is often invalid, particularly in systems where the neutron population's spectral shape varies substantially with position, e.g., in reflected metal systems. In such systems, the temporal evolution of the neutron population's spatial shape can vary significantly within different regions of the system, rendering the point model invalid.
B. Monte Carlo Models
Monte Carlo transport modeling methods have been applied to computationally synthesize the neutron counting distribution. Monte Carlo radiation transport codes have been developed that simulate not only the average of the neutron population, but also the fluctuations in the population that result from the multiplicity of neutrons emitted during spontaneous and induced fission [7] .
Such implementations of Monte Carlo transport models attempt to accurately simulate the distribution of the neutrons over position, energy, direction, time, and multiplicity. Therefore, they are in theory capable of producing extremely accurate estimates of the neutron counting distribution.
However, the stochastic nature of the Monte Carlo approach generally requires that a substantial number of neutron histories must be simulated to estimate the neutron counting distribution with acceptable certainty -this is particularly true in situations where the neutron leakage probability, detector solid angle, or detector efficiency is small. Consequently, Monte Carlo synthesis of the neutron counting distribution can require many minutes to hours of computational time, even when the simulation runs many histories in parallel. Therefore, Monte Carlo models are currently impractical for use in an approach that attempts to iteratively fit a model to the measured neutron counting distribution.
C. Deterministic Models
Deterministic transport methods estimate the neutron population versus position, energy, direction, and time by explicitly solving the Boltzmann transport equation discretized over those independent variables.
For a deterministic solution, computational accuracy and speed generally run counter to one another. The solution can be accelerated by employing a coarser mesh over the independent variables, but that approach can degrade the accuracy of the solution. The accuracy of the solution can generally be improved by using a finer mesh, but that accuracy is usually obtained at the cost of computational speed. However, numerous techniques have been developed to improve the accuracy of approximations for the spatial, spectral, and directional dependence of the transport medium properties and the neutron population and accelerate convergence of the solution. Consequently, relative to Monte Carlo transport methods, deterministic transport methods are generally faster, particularly for problems where the detection probability is low due to low neutron leakage probability, detector solid angle, or detector efficiency.
As it is usually solved, the linear Boltzmann transport equation for neutrons describes the behavior of the mean of the population's distribution over multiplicity. Muñoz-Cobo, et al., demonstrated that the linear Boltzmann transport equation can be derived as the first moment (i.e., the mean) of a more general equation that models the multiplicity distribution of the neutron population [8] . Furthermore, they demonstrated that any arbitrary order moment of the neutron population's multiplicity distribution can be obtained by solving the linear Boltzmann transport equation by merely changing the source term.
Consequently, it is possible to estimate the moments of the counting distribution by explicit solution of the Boltzmann transport equation. Subsequently, this paper describes an implementation of Muñoz-Cobo's technique to compute the mean and variance of the neutron counting distribution using deterministic transport calculations. Experiments conducted to validate the implementation are presented at the end of the paper.
III. IMPLEMENTATION
The implementation described in this paper was developed to compute the Feynman-Y counting statistic, defined by the ratio of the count distribution's variance ı 2 to its mean μ:
Observe that Y vanishes if the count distribution is Poisson. Consequently, the Feynman-Y represents the "excess variance" in the count distribution relative to the variance characteristic of a Poisson distribution with the same mean. Fig. 3 shows the Feynman-Y for the distribution shown in Fig. 1 . Note that the exhibits two notional features: 1. The asymptotic value, i.e., the value of Y for infinitely long coincidence gates. The asymptote is reached as the coincidence gate width exceeds the duration of the longest fission chain-reactions. 2. A monotonic rise from a value of zero (for a zero-length coincidence gate) to the asymptotic value. For very short coincidence gates, the distribution is accumulated from incomplete chain-reactions, so the variance is relatively smaller than it is for very long coincidence gates. The Feynman-Y is synthesized in two computationally distinct steps. In the first step, the asymptotic value of the Y is estimated from a pair of static (time-independent) forward and adjoint neutron transport calculations. In the second step, the shape of the Y is synthesized from a dynamic (time-dependent) calculation of the system's step response.
For the remainder of this paper, the symbol r G will be used to denote position, E will represent energy, Ω will denote direction, and t will represent time.
A. Calculation of the Feynman-Y Asymptote
The mean value μ of the count distribution is calculated from the inner product 3ˆ( , , ) ( , , ) ,
where ĳ is the neutron flux obtained by solving the usual formulation of the forward transport equation, and Ȉ d is the detector cross-section. Note that as expressed above, μ is the mean detector count rate. In this implementation, the detector is treated as a point external to the transport medium with an energy-dependent efficiency İ, which represents the probability that a neutron escaping the transport medium will be counted. Consequently, the mean is calculated as the inner product of the efficiency İ and the neutron leakage current J exiting the external boundary:
where and n respectively denote the external boundary of the transport medium and the surface normal. In other words, the detector cross-section is treated as
The detector efficiency can be estimated a priori either by Monte Carlo modeling or by calibration measurements performed with known neutron sources [9] .
For a detector that operates on the principal of neutron capture, Muñoz-Cobo showed that the variance ı 2 of the count distribution is Excess variance due to the source is calculated from inner product
where Q is the forward source term, and I 0 is the inner product:
Calculation of the adjoint flux † ϕ is discussed below.
Above, Ȥ 0 denotes the source neutron spectrum, and 0 ν and 
where ȞȈ f is the fission neutron production cross-section and I is the inner product: †(
The adjoint flux † ϕ is the same as in (7); its calculation is discussed below.
Above, Ȥ denotes the induced fission neutron spectrum, and ν and ( 1) ν ν − respectively represent the first and second moments of the induced fission neutron multiplicity distribution.
In (7) and (9), the adjoint flux † ϕ is calculated by solving the adjoint neutron transport equation using the detector crosssection Ȉ d as the adjoint source term. Consequently, the quantities I 0 and I defined in (7) and (9) respectively represent the importance of source and induced fission neutrons to detection. Given the treatment of the detector as a point external to the transport medium, as shown in (4), the adjoint source term is simply a surface source at the external boundary of the transport medium with a spectrum equal to the detector efficiency İ. Subsequently, the asymptotic value of the Feynman-Y is calculated from the mean, source excess variance, and fission excess variance:
(10) The preceding approach for calculating the asymptote is derived directly from the method originally prescribed by Muñoz-Cobo.
B. Calculation of the Feynman-Y Shape
Muñoz-Cobo's original work described a technique for calculating the Feynman-Y versus coincidence gate width that required the time-dependent adjoint transport equation to be solved in response to a transient adjoint source term. The source term's energy dependence was dictated by the detector cross-section, and its time-dependence was dictated by the detector's response time. However, during development of this implementation, it was observed that the deterministic transport solver PARTISN [10] exhibited slow convergence for this kind of adjoint transport problem.
Consequently, an alternative equivalent approach was implemented based upon solution of the time-dependent forward transport equation, which converged more rapidly. The shape of the Feynman-Y is calculated from the convolution
where T is the coincidence gate width, h is the detector's impulse response function, and ĳ is the time-dependent neutron flux calculated in response to a step change in the forward source term, i.e., ˆ, , , )
where Qλ is the steady-state value of the source intensity and u is the Heaviside step function 0, 0 ( ) . 1, 0
For many multiplicity counting systems, which are often constructed using moderated 3 He proportional counters, the detector impulse response can be approximated as: ( ) , 
IV. EXPERIMENTAL VALIDATION
In January 2009, a series of experiments with plutonium metal reflected by polyethylene were conducted to validate accuracy of this computational approach. The source was a 4.4 kg sphere of weapons-grade plutonium metal. It was measured bare and reflected by spherical polyethylene shells between 12.7 and 152.4 mm thick. A neutron multiplicity counter constructed from 3 He proportional counters embedded in a polyethylene moderator was used to accumulate the neutron multiplicity distribution. Fig. 3 shows the plutonium source and polyethylene reflectors. The plutonium metal is alpha-phase, with a density of 19.604 g/cm 3 . The total plutonium mass is 4438 g. The plutonium isotopics are listed in Table I . The source was clad in a 0.3-mm-thick stainless steel shell.
The reflectors were fabricated from high-density polyethylene with a nominal density of 0.95 g/cm 3 . They were constructed as a set of 5 nesting spherical shells. The shells were assembled to provide total reflector thicknesses of 12.7, 25.4, 38.1, 76.2, and 152.4 mm. Fig. 4 shows the experimental setup. The source was measured using a portable multiplicity counter composed of 15 3 He proportional counters embedded in a polyethylene moderator. Each proportional counter was 25.4 mm in diameter, had a sensitive length of 381 mm, and contained 10 atm of 3 He. The moderator was 421.6 mm tall, 430.2 mm wide, and 10.2 mm deep. To minimize the instrument's sensitivity to neutrons reflected from the floor and walls, the moderator was wrapped on all 6 sides with a 0.8 mm thick cadmium sheet. The multiplicity counter was positioned with its front face 500 mm from the center of the plutonium source. The multiplicity counter was operated in list mode, which records the time of each detection event with 1 μs resolution. It also records the individual proportional counters, which registered a neutron count. The list mode data were processed to accumulate the count distribution versus multiplicity and coincidence gate. For example, the distributions shown in Figs. 1 and 2 were accumulated from the measurement of the plutonium source reflected by the 76.2-mm-thick reflector.
Plutonium Source Polyethylene Reflectors
For each measurement, the asymptotic value of the Feynman-Y was estimated from the count distribution using (1) with a gate width of 4096 μs. The measured values of the Feynman-Y asymptote are listed in Table II. The Feynman-Y was also calculated using the deterministic transport method described in Section III. One-dimensional models of the source were used to compute the Feynman-Y asymptote and shape. The calculated Feynman-Y asymptotes are compared to the measured values in Table II 
Plutonium Source
Multiplicity Counter Fig. 7 shows the detector efficiency used to calculate the neutron count rate and its variance. This efficiency was estimated using a three-dimensional Monte Carlo model of the neutron multiplicity counter. Fig. 8 shows the correlation function measured using a bare 252 Cf source. This measurement was used to estimate the detector time-constant using (15). Based on this measurement, the detector timeconstant is 36.4 μs. This time constant was used to model the detector's impulse response. Fig. 7 . The neutron detector efficiency used in deterministic transport calculations of the Feynman-Y. This efficiency was estimated using Monte Carlo. 
CONCLUSIONS
Sandia National Laboratories has implemented a technique to compute neutron multiplicity statistics using deterministic neutron transport calculations.
The implementation is designed to estimate moments of the neutron counting distribution from a series of deterministic forward and adjoint transport calculations.
Neutron multiplicity counting measurements were conducted with plutonium reflected by polyethylene to test the accuracy of the implementation. For these tests, the accuracy and speed of the deterministic transport calculations were adequate for use in an iterative solution framework like the one described in [12] . Consequently, it should be possible to apply the technique described in this paper to estimate the composition and geometry of an unknown source from its measured neutron multiplicity statistics. It may also be possible to combine this method for neutron multiplicity analysis with the gamma spectrometry analysis described in [12] . A multivariate analysis combining these two approaches should constrain the solution for the source configuration more effectively than an analysis based on either neutron multiplicity or gamma spectrometry alone.
